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1. INTRODUCTION 
The purpose of this article is to give some motivating examples for a certain global 
approach towards unstable homotopy theory. This approach has grown out of the recent 
work of Bousfield (see [2,3]) and Dror Farjoun (see [S, 9]), and has been developed by the 
latter in his recent book [9]. The key role is played by a geometric relation between spaces 
which is associated to a process of building one space from another. 
Let A be a space. By C(A) we denote the smallest class of spaces, which contains A and is 
closed under weak equivalences, taking homotopy push-outs, and arbitrary wedges. We say 
that X is A-cellular, or that it is built from A, if X belongs to C(A). We denote this relation 
by X P A. Following Dror Farjoun we will call the relation $ a cellular inequality. 
The relation >> preserves homotopy properties that are invariant under taking 
homotopy push-outs and arbitrary wedges. Being acyclic with respect o some homology 
theory, or p-torsion, or n-connected are just some of the examples of these properties. 
By choosing one of them, using the relation ti , we can approximate one space by an- 
other, where we regard two spaces as being close to each other if they satisfy the chosen 
property. 
We will use the relation B to unify the following two statements: 
THEOREM l.A. Let the following be a homotopy push-out square of connected spaces: 
(1) (Blakers-Massey Cl]). Let A, B, and C be simply connected. ZfH,(A, B) = *for i d n 
(n > l), and ZZ,(A, C) = *for i < m (m > l), then Xi(A*B) + Xi(C, D) is an isomorphismfor 
i < n + m, and an epimorphism for i < n + m. 
(2) Let P and Q be disjoint set of primes. Zf Fib(A + B) has P-torsion integral homology 
and Fib(A -+ C) has Q-torsion integral homology, then the natural map 
A -+ holim(C -+ D c B) is an internal homology isomorphism. 
It turns out that these two different statements are reflections of the same geometric 
phenomena. There is a tautological cellular inequality that generalizes both of them (see 
Theorem l.B). 
In this article we are addressing the following question: 
How far a homotopy push-out square is from being homotopy pull-back? 
1381 
1382 Wojciech Chacholski 
The initial data for our investigation consists of a commutative diagram: 
where B and C are connected, and the following are, respectively, homotopy push-out and 
homotopy pull-back squares: 
The map q:A -+ Y measures how far the above homotopy push-out square is from being 
homotopy pull-back. In particular, if A + X is a cofibration, we are asking for the difference 
between A and the homotopy fiber F&(X +X/A) of the cofiber map X + X/A. 
The main theorem of this paper gives a cellular approximation for the homotopy fiber 
and cofiber of the suspension of the map q: A + Y (see Theorem 9.4 and Corollary 9.5): 
THEOREM l.B. (1) Fib(Zq:ZA-+CY) $= Fib(A+B)AFib(A-+C). 
(2) C(Cof(q : A -+ Y)) 9 Z(Fib(A + B) A Pib(A + C)). 
Both the statements of Theorem l.A are easy consequences of Theorem l.B (see 
Corollaries 9.7 and 9.6(l)). In addition, since Theorem l.B gives a geometric approximation 
for the homotopy fiber and cofiber of the map Cq : ZA -+ C Y, we can apply it to make some 
calculations with generalized homology theories (see Corollaries 8.8 and 9.6). 
It should also be stressed that Theorem l.B is a tautology. No assumption is being made 
about spaces involved. Therefore, it follows that the triad theorem of Blakers-Massey [l] 
(see Theorem l.A(l)), is a corollary of the Hurewicz Isomorphism Theorem [13, Section 5, 
Theorem 41. 
2. NOTATION 
In this article by a space we mean a simplicial set. 
The homotopy cofiber of a map A + X is denoted either by X/A, if it is clear which map 
we are considering, or by Cof(A + X), if we want to point out the map. 
Let us choose a basepoint in X. The homotopy fiber of a map A +X at the chosen 
basepoint is denoted by Fib(A 4X). If X is connected, then the homotopy type of 
Fib(A + X) does not depend on the choice of a basepoint in X. 
By XX we denote the homotopy cofiber of the map X + *. If we choose a basepoint in 
X, by SZX we denote the homotopy fiber of the basepoint map * + X. 
Let B be a pointed space. A sequence F + E + I3 is called a fibration sequence if the map 
F + E is weakly equivalent to Fib(E + B) t E. 
Let X be a pointed space. The quotient space (X x Y)/( (x0} x Y) is denoted by XxlY. 
Analogously if Y is pointed, the quotient space (X x Y )/(X x (yO>) is denoted by XrxY. 
Let X and Y be pointed spaces. The subspace X x { yO} u {x,} x Y of X x Y is denoted 
by XVY and is called the wedge of X and Y. The quotient space (X x Y)/(XVY) is denoted 
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by X A Y and is called the smash of X and Y. If X is connected, then for any choice of 
basepoints in X and S ‘, CX is weakly equivalent o X AS ‘. 
Let K be a simplicial set. By the same symbol K we will also denote the simplex category 
of K (see [S, Definition 3.11). Its objects are simplices of K, and morphisms are generated by 
the arrows c + dig and 0 + sic, where dig is the ith face of a simplex cr, and sib is its ith 
degeneracy. These arrows are subject to the usual simplicial relations. 
Functors indexed by the category associated with a simplicial set K are called diagrams 
over this simplicial set. If for every simplex 0, F(a + sia) = idFcg), then we say that F is 
a bounded diagram. If in addition, for any morphism 4 in K, F(4) is a weak equivalence, 
then we say that F is a good diagram. 
If F: K + Spaces is a bounded diagram, we can form its homotopy colimit $K F (see 
Definition A.1 and [S, Definition 3.93). It is a simplicial set, whose set of n-dimensional 
simplices is given by 
The basic properties of this construction are listed in Appendix A (see also [4] and [S]). The 
only place where we are going to use this construction is in the proof of Proposition 6.1. 
r P+ h he a ~PA~ICPT~ hnml\lncrw thonrv IMP ~~1.1 th-t .a CT._X.P Y ie h ,_nnmn‘3,-tm4 if f-v YUI rr* vu u lrUUU”U II”III”I”6J UL”“lJ. . . b 0-J LII(IL a .7paLm ‘1 1a rr* ,c-t,“IIII~LLbu II, ,“I 
i 6 n, hi(X) = *. 
Let E be the representing spectrum for h,. We say that h, has a homotopy unit, if there 
isamaph:S’+E,suchthatEzEAS’ idAh - E A E has a left homotopy inverse, i.e., there 
is I: E A E + E, for which the composition r ~(id Ah) is weakly equivalent to idE. For 
example, if a homology theory is represented by a ring spectrum, then it has a homotopy 
unit. Homology theories with a homotopy unit have the following two properties: 
(1) If X is h, n-connected and Y is h, m-connected, then X A Y is h, (n + m + l)- 
connected. 
(2) Let P and Q be disjoint sets of prime numbers. If h,(X) is P-torsion and h,(Y) is 
Q-torsion, then X A Y is h,-acyclic. 
3. CLOSED CLASSES AND CELLULAR INEQUALITIES 
In this section we are going to state the definition and give some examples and basic 
properties of closed classes and cellular inequalities. These notions were introduced by Dror 
Farjoun [9] (see also [S]). 
Dejnition 3.1. A class of spaces C is called closed if: 
It is not empty. 
It is closed under weak equivalences, i.e., if X is weakly equivalent o Y and X E C, 
then Y E C. 
It is closed under taking arbitrary wedges, i.e., if for i E I, Xi E C, then for any choice of 
basepoints in Xi, Vicl Xi E C. 
It is closed under taking homotopy push-outs, i.e., if X1 t X1 + X3 is a push-out 
diagram such that, for i = 1,2,3, Xi E C, then hocolim(X, +- X, -+ X,) E C. 
Example 3.2. Let h, be a reduced homology theory. The class of all h, n-connected 
spaces is closed. 
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Example 3.3. Let 2 be a pointed Kan space. Let C be the class of all spaces X such that, 
for any choice of a basepoint in X, the mapping space map,(X,Z) is weakly contractible. 
The class C is closed. 
Example 3.4. Let A be a space. By C(A) we denote the smallest closed class that contains 
A. The class C(A) can be thought of as generated by A using simple operations: taking weak 
equivalences, arbitrary wedges, and homotopy push-outs. We will use the following notation: 
Notation. The elements of the class C(A) will be called A-cellular spaces. The relation 
X E C(A) will be denoted by X B A and called a cellular inequality. 
The relation X $ A says that there exists a recipe that describes how to build X from 
A using homotopy push-outs and arbitrary wedges. If X 9 A, then X inherits all the 
homotopy properties of A which are preserved by homotopy push-outs and arbitrary 
wedges. For example, if A is acyclic with respect o some homology theory, or p-torsion, or 
n-connected, then so is any A-cellular space. Therefore, the property of being A-cellular is 
the universal one among all the homotopy properties that are satisfied by A and are 
preserved by homotopy push-outs and arbitrary wedges. 
The following list give some examples of classes C(A), for various A: 
a The class C(S’) consists of all spaces, i.e., any space can be built from So. 
l The class C(S”) consists of all (n - l)-connected spaces. 
l Let M (Z/p, n) be the Moore space whose the only nontrivial reduced integral homology 
is Z/p in dimension n(n > 1). The class C(M(Z/p, )) n consists of all (n - 1)-connected spaces 
X such that n,(X) is a group generated by elements of order p, and, for i > n, ni(X) is a p-group. 
l Let h, be a homology theory. Let A be the wedge of representatives of all isomor- 
phism classes of h,-acyclic simplicial sets whose cardinality is not bigger than h.JS’). In this 
case the class C(A) consists of all h,-acyclic spaces (see [9, Remark 6.A.1.11). 
The following proposition gives some elementary properties of closed classes and 
cellular inequalities: 
PROPOSITION 3.5. Let C be a closed class. 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
If X 9 A and A E C, then X E C. 
The class C is closed under taking telescopes, i.e., iJ for i 2 0, Xi belongs to C, then SO 
does the telescope hocolim(Xo + X1 -+ ..a ). 
The class C is closed under taking homotopy retracts. Let X L A and A 5 X are 
maps, such that the composition r 0 i is homotopic to the identity idx. If A E C, then 
X E C. In particular, X 9 A. 
* E c. 
CA%-,. 
If A is not connected, then, for every n > 0, C(C’A) = C(S”), i.e., for any (n - l)- 
connected space X, X $ C”A. 
Proof: (2) By choosing a basepoint in X0, we can make the diagram (X0 -+ X1 -+ ... ) 
to be pointed. For any such choice of a basepoint, the telescope hocolim(X,k X1 -% ... ) 
is weakly equivalent o the homotopy push-out: 
hocolim VXi a idVid VXiVVXi idVVJi ,Vx,VVXi). 
Therefore, if for all i, Xi belongs to C, then so does the telescope. 
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(3) Notice that X 1: hocolim(A i* AA . ..). Hence, by (2), X E C. 
(4) Let A be any element of C. Such a space exists since, by definition, C is not empty. 
The space * is a retract of A, hence (4) follows from (3). 
(6) Since A is not connected, So is a retract of A. Thus S” is a retract of x” A and (6) 
follows from (3). 0 
Observe that, by Proposition 3.5(6), if A is not connected, then X % A holds for any X, 
i.e., C(A) is the class of all spaces. 
4. SMASH, JOIN, AND CELLULAR INEQUALITIES 
The purpose of this section is to show that the smash and join constructions preserve 
cellular inequalities. One should pay attention to the way these statements are proven since 
often the same idea works in showing other properties of cellular inequalities. 
PROPOSITION 4.1. For any choice of a basepoint in B, X DC B % B. 
ProojY Let C = (X 1 for any choice of a basepoint in B, X K B 9 B}. We have to show 
that every space belongs to C. Observe that since So K B 1: B V B 9 B, thus So E C. 
Therefore, to show that C is the class of all spaces it is enough to prove that it is a closed 
class (see Proposition 3.5(6)). This follows from obvious weak equivalences: 
(vXi)l~ B z V(XiMB) 
hocolim(X, + X1 + X2) E-C B N hocolim(XOtx B + X1 tx B + X2 cx B). I7 
COROLLARY 4.2. For any choice of basepoints in B and X, X A B % B. 
Proof: Let us choose basepoints in B and X. The smash product can be expressed as 
a homotopy push-out X A B N hocolim( * c B -+ Xtx B). All the spaces in this push-out 
diagram are B-cellular (see Proposition 3.5(4) and Proposition 4.1), therefore X A B $ B. 0 
THEOREM 4.3. For any choice of basepoints in A, B, and X, ifX % A, then X A B $ A A B. 
LEMMA 4.4. Let B and Z be spaces. The following class is closed: 
C = {X 1 for any choice of basepoints in X and B, X A B 9 Z}. 
Proof: 
Case 1. Let us assume B % Z. Since X A B $ B holds for all X (see Corollary 4.2) thus 
so does X A B $ Z. Hence C is the class of all spaces, and therefore it is closed. 
Case 2. Let us assume B +Z. We are going to show that C consists of connected spaces. 
If it is not the case, there is X E C such that X = Xou Xi, where X0 and X1 are not empty. 
Let us choose a basepoint in X, which lies, for example, in X0. Since, for any choice of 
a basepoint in B, X A B N (X0 A B) V (X, MB), therefore B is a retract of X A B, and hence 
B 9 X A B (see Proposition 3.5(3)). This implies B >> Z, which is a contradiction with our 
assumption B jpZ. 
For a connected space X, the homotopy type of the smash X A B does not depend on the 
choice of a basepoint in X. Thus in order to verify that a space X belongs to C, it is enough 
to check that it is connected and there exists some choice of a basepoint in X such that, for 
any choice of a basepoint in B, X A B 9 Z. 
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Let us consider a push-out diagram X0 t X1 + Xz of spaces that belong to C. By 
choosing a basepoint in X1, we can make this push-out to be a pointed diagram. With this 
choice of basepoints: 
It follows that C is closed under taking homotopy push-outs. 
Similarly, since, with the canonical choice of a basepoint in V Xi, ( VXi) Al3 N 
V(Xi A B), we get that C is also closed under taking arbitrary wedges. Hence 
C is a closed class. 0 
Proof of Theorem 4.3. To prove the theorem let us consider the case 2 = A A B. It is 
clear that A belongs to C. Since C(A) is the smallest closed class that contains A and, by the 
lemma, C is a closed class, C(A) c C. Hence if X $ A, then for any choice of basepoint in A, 
BandX,XAB$AAB. 0 
COROLLARY 4.5. (1) We can suspend cellular inequalities. If X + A, then CX % CA. 
(2) If X is connected, then for any choice of basepoints in X and 8, X A B $ CB. 
(3) If X $ A and Y % B, then for any choice of basepoints in A, B, X, and Y, 
XAY>>AAB. 
Dejnition 4.6. The join X * Y of two spaces X and Y is defined to be the homotopy 
push-out X * Y s hocolim(X CX x Y 5 Y ). 
Observe that to define the join X * Y we do not have to choose basepoints in X and Y. 
Although the homotopy type of the smash product X A Y does depend on the choice of 
basepoints in X and Y, its suspension does not: 
PROPOSITION 4.7. For any choice of basepoints in X and Y, X * Y N IZ(X A Y ). 
Proof Let us choose basepoints in X and Y. Consider the following commutative 
diagram: 
id 
*i-X+ x e-*--b* * 
? ?d rprl t ? t 
*tX4XxY+lY-,* XAY 
I 1 b2 id 1 1 1 
*t*-+ Y 4-y-+* * 
*+*+x*yc*-_)* 
Taking first the homotopy colimit of the columns of this diagram, and then of the row so 
obtained, we get X* Y. By taking the homotopy colimit in the reverse order, we get 
Z(XA Y). Therefore, X* Y N Z(XAY). 0 
COROLLARY 4.8. (1) Let h, be a reduced homology theory with a homotopy unit (see 
Section 2). Zf X is h, n-connected and Y is h, m-connected, then X * Y is h, (n + m -+- 2)- 
connected. 
(2) If X + A and Y $ B, then X* Y $ A * B. 
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5. HOMOTOPY FIBERS AND CELLULAR INEQUALITIES 
In this section we are going to use cellular inequalities to study the homotopy fiber 
construction and its behavior with respect o homotopy c&nit type of operations. In the 
following theorems, propositions, and corollaries the role of the connectivity assumptions i  
to avoid the issue of basepoints. Under these assumptions the homotopy types of the 
appropriate homotopy fibers do not depend on the choice of basepoints. 
THEOREM 5.1. (1) X $ CA is equivalent to X being connected and RX % A. 
(2) We can loop cellular inequalities. Let A be connected. Zf X 9 A, ten QX B RA. 
Proof (1) If A is not connected, then the theorem follows trivially from Proposition 
3.5(6). If A is connected see [ 6, Theorem 9.41. 
(2) If A is not simply connected, then, by Proposition 3.5(6), the inequality RX $ QA is 
always true. If A is simply connected see [6, Corollary 10.41. cl 
One of the most useful tool to study closed classes is the generalized Dror Farjoun 
theorem: 
THEOREM 5.2. Let E : K + Spaces and B : K -+ Spaces be bounded diagrams indexed by 
a simplicial set K, and ‘P : E + B be a natural transformation. If, for every simplex o E K and 
for any choice of a basepoint in B(o), Fib(Y’,: E(o) + B(o)) E C, then, for any choice of 
a basepoint in & B, Fib@‘: fK E + $K B) E C. 
Proof If C contains a space which is not connected, then, by Proposition 3.5(6), 
C contains all spaces. Thus in this case the statement of the theorem becomes trivial. If 
C consists of connected spaces only, see [S, Theorem 9.11. 0 
Push-out diagrams are of particular importance: 
THEOREM 5.3. Let the following be a map between homotopy push-out diagrams: 
E N hocolim (E, + Ez -+ E3) 
I 1 1 1 
B N hocolim (B, + Bz + B3) 
If; for i = 1,2,3 and for any choice of a basepoint in Bi, Fib(Ei + Bi) B A, then, for any 
choice of a basepoint in B, Fib(E + B) 9 A. 
COROLLARY 5.4. (1) Let B be a connected space and the following be a homotopy push-out 
square: 
A+B 
I 1 
Then for any choice of a basepoint in D 
C+D 
Fib(C + D) % Fib(A + B). 
(2) Let A +X +X/A be a cojibration sequence. Then for any choice of a basepoint in 
X/A, Fib(X -+X/A) % A. 
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Proof (1) Apply Theorem 5.3 to the following commutative diagram: 
c N hoc&m (C + A ‘% A) 
I lid lid i 
D N hocolim (C + A -+ B) 
(2) Apply (1) to the following homotopy push-out square: 
where P is weakly contractible. 0 
In the next proposition we are looking at the behavior of the homotopy fiber with 
respect to the suspending process. In Section 9 we will generalize this proposition to 
arbitrary homotopy push-outs (see Proposition 9.1). 
PROPOSI~ON 5.5. Let f : X + Y be a map. 
(1) Zf Y is connected, then Y/X 9 CFib(f: X + Y ). 
(2) Fib(Cf: cx -+ CY) $ Y/X. 
Proof (1) See [6, Theorem 9.41. 
(2) Apply Corollary 5.4(2) to the cofibration sequence Y/X + ZX% ZY. 0 
COROLLARY 5.6. (I) If Y id connected, then Y $ CRY. 
(2) QCY $ Y. 
(3) Let h, be a homotopy theory, Y be a connected space, and X -+ Y be a map. If 
Fib(X + Y) is h, n-connected, then X/Y is h, (n + 1)-connected. 
Proof (1) and (2) Apply Proposition 5.5 to any map of the form * -+ Y. 
(3) Since Fib(X + Y ) is h, n-connected, CFib(X + Y ) is h, (n + 1)-connected. Cellular 
inequalities preserve h, m-connectedness for every m, therefore, by Proposition 5.5(l), Y/X 
is h, (n + 1)-connected. q 
6. HOMOTOPY PULL-BACKS AND PUSH-OUTS 
In this section we are going to review some properties of homotopy pull-back and 
push-out squares. All this material has been known. 
PROPOSITION 6.1. Let D be a pointed space. If the following is a commutative diagram: 
A+B 
1 1 
then Fib(hocolim(C c A + B) + D) N 
C+D 
N hocoEim(Fib(C + D) + Fib(A -+ D) -+ Fib(B + D)). 
Proof. We can assume that D is connected. If not, since we are considering homotopy 
fibers over the basepoint of D, we can pull-back the commutative square of the proposition 
over to the basepoint component of D. 
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By Corollary A.6, we can construct diagrams G: K + Spaces, H : K + Spaces, 
F : K -+ Spaces and natural transformations Y : H + G, 0 : H + F such that: 
l G, H and F are good diagrams (see Section 2). 
l For every simplex cr E K, G(a), H(o), and F(a) are weakly equivalent, respectively, to 
Fib(C + D), Fib(A + D), and Fib(B + D). 
l The following are weakly equivalent commutative squares: 
The homotopy colimit commutes with itself, hence: 
It follows that the maps hocolim(C c A + B) + D and & hocolim(G z H 5 F) -_) K are 
weakly equivalent, and so are their homotopy fibers. To conclude the proof, observe that 
hocolim(G + H -+ F) is a good diagram since G, H, and F are. Therefore, by Proposition 
A.3, the homotopy fiber of the map & hocolim(G z H % F) + K is weakly equivalent o 
hocolim(G(a) c H(a) + F(o)). 0 
Proposition 6.1 gives a method of verifying whether a commutative square is homotopy 
push-out: 
COROLLARY 6.2. A commutative square: 
is homotopy push-out if and only if, for any choice of a basepoint in D, the following space is 
weakly contractible: 
hocolim(Fib(C + D) t Fib(A + D) + Fib(B + 0)) N *. 
Remark. Proposition 6.1 is another formulation of Mather’s cube Theorem [lo, 
Theorem 251 (see also [12]). Applying the criteria given in Corollary 6.2 one can 
prove: 
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THEOREM (Mather). Let the following be a commutative diagram: 
If the bottom square is homotopy push-out and the side squares are homotopy pull-back, then 
the top square is homotopy push-out. 
Using Proposition 6.1 we will study how far a homotopy pull-back square is from 
being homotopy push-out (compare with Sections 8 and 9). The initial data for our 
investigation consists of a commutative diagram: 
where D is connected, and the following are, respectively, ahomotopy pull-back square and 
a homotopy push-out square: 
Y+B Y+B 
11 l-1 
C+D c-*z 
The map s:Z + D measures how far the above homotopy pull-back square is from being 
homotopy push-out. We will give a description of its homotopy fiber: 
PROPOSITION 6.3. Fib(s: Z + D) 31 Fib@ -+ D) * Fib(C + D). 
ProoJ: By possibly changing the diagram in a homotopy meaningful way, we can 
arrange so that the maps B + D and C -+ D are fibrations and the following is an “honest” 
pull-back square: 
Y+B 
1 1 
Let G = Fib(C + D), H = Fib(Y -+ D), and F = Fib(B -+ D). Since we have an “honest” 
pull-back square, thus H = F x G, and the induced maps H + F and H -+ G are the 
projections. Therefore, by Proposition 6.1 and Definition 4.6: 
Fib(s:Z+D)-Fib(hocolim(C+Y+B)+D)=F*G 0 
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7. GENERALIZED SERRE THEOREM 
In this section we are going to prove a cellular inequality which generalizes Serre’s result 
(see [14, Theorem 6.11). 
THEOREM 7.1 (Generalized Serre theorem). Let D be a connected space. Let us consider 
the following commutative diagram: 
H *F Z 
\ 
A-B B/A 
v I I I 
G-C-D D/C 
where: 
l F + B is the homotopy fiber of B + D, 
l G -+ C is the homotopy Jiber of C -+ D, 
l H + A is the homotopy fiber of the composition A + D, 
l Z + B/A is the homotopy Jiber of B/A + DfC. 
Then Z $ hocolim(G c H -+ F). 
Proof: Let us consider the following commutative diagram: 
D E D ‘5 D D 
t t T t 
C +A-+B hocolim(C c A -+ B) 
1 1 
* B/A 
D/C +- D i% D 
Taking first the homotopy colimits of the columns of this diagram, and then of the row so 
obtained, we get D/C. By taking the homotopy colimits in the reverse order, we get 
hocolim(B/A + hocolim(C t A + B) + D). Hence, the following is a homotopy push-out 
square: 
hocolim(C c A -+ B) + D 
1 I 
B/A - D/C 
According to Proposition 6.1: 
Fib(hocolim(C + A + B) + D) N hocolim(G +-H + F) 
Thus, by Corollary 5.4.(l): 
Z = Fib(B/A + D/C) % hocolim(G c H + F). Cl 
The case of a homotopy pull-back square is of particular interest: 
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COROLLARY 1.2. Let D be a connected space and thefollowing be a homotopy pull-back square: 
Y+B 
1 1 
Then 
C+D 
Fib(B/Y -+ DjC) 9 Fib(C + D) * Fib(B --) D) 
Proof: By changing the homotopy pull-back diagram of the corollary, in a homotopy 
meaningful way, we can arrange so that the maps C + D, B + D are fibrations and the 
diagram is a pull-back square. Let G = Fib(C + D), H = Fib(Y + D), and F = Fib(B -+ D). 
Since we have an “honest” pull-back square, H = G x F and the induced maps H + G, 
H + F are the projections. Thus according to Theorem 7.1, Fib(B/Y + D/C) B 
hocolim(FtH+G)=F*G. 0 
As a corollary we get a Serre-type theorem (see [14, Theorem 6.11) for a generalized 
homology theory with a homotopy unit: 
COROLLARY 7.3 (Serre). Let D be a connected space and the following be a homotopy 
pull-back square: 
Y-+B 
Jg lf 
C+D 
Let h, be a reduced homology theory with a homotopy unit. If G = Fib(C + D) is h, n- 
connected and F = Fib(B -+ D) is h, m-connected, then the map hi (f, g) : hi(B/Y) --+ hi(D/C) is 
an isomorphism for i < n + m + 2, and an epimorphism for i = n + m + 3. 
Proof: The connectivity assumptions on F and G imply that F * G is h,(n + m + 2)- 
connected (see Corollary 4.8(l)). Hence, by Corollary 7.2, Fib(B/Y + D/C) is also 
h,(n + m f 2)-connected. It follows that Cof (B/Y -+ D/C) is h,(n + m + 3)-connected (see 
Corollary 5.6(3)). This is equivalent o the map hi (f, g) : hi (B/Y ) + hi(D/C) being an isomor- 
phism for i < n + m + 2 and an epimorphism for i = n + m + 3. cl 
In the following two sections we are going to look into the dual problem to the one 
analyzed in Section 6. We will consider separately the cases of a cofibration and a general 
homotopy push-out square. 
8. COFIBRATION AND FIBRATION SEQUENCES 
In this section we are going to apply the generalized Serre theorem (see Theorem 7.1) to 
study the difference between cofibration and fibration sequences (cf. with Sections 6 and 9). 
The line of thought is basically the same as in [ll]. The initial data for our investigation 
consists of a commutative diagram: 
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where P is weakly contractible, and the following are respectively homotopy push-out and 
homotopy pull-back squares: 
A-+ P F-+ P 
1 1 1 1 
X + X/A X + X/A 
It follows that we have a cofibration sequence A -+ X -+X/A and a fibration sequence 
F + X + X/A, where F is the homotopy fiber of X + X/A over the component of X/A that 
contains [A]. The map q : A -+ F measures the difference between these sequences. Notice 
that the above data is entirely determined by A + X. 
In this section we are going to discuss the suspension of the map q : A -+ F, which turns 
out to be just the inclusion of the wedge component (see Corollary 8.2(2)). We will give 
a cellular approximation for the homotopy fiber Fib(Eq : + EF), whose cellular type is the 
same as that of fE(Cof(q: A -+ F)) (see Proposition 8.3). 
PROPOSITION 8.1. The map Zq: EA + CF has a right homotopy inverse, i.e., there is 
r : EF + CA for which the composition CA 5 CF 5 EA is weakly equivalent to the identity 
C,4 2 ZA. 
Proof: If we take r: CF -+ CA to be the map defined by the following commutative 
diagram, then the proposition clearly follows: 
CA z hocolim ( * e A t * ) 
I 
Q 
Id CF N hoc&m 
I r 
CA N hocolim ( L t X + X/A ) 0 
COROLLARY 8.2. (1) (Dror Farjoun [8]). C(CA) = C(CF). 
(2) The map Zq: Cf.+ CF is weakly equivalent to the inclusion IZA 4 ZA V Z(F/A). 
(3) The map q : A + F induces a monomorphism on any homology theory. 
ProoJ (1) We have to show CA b EF and CF 9 IZA. According to Corollary 5.4(2), 
F 9 A. By suspending this inequality (see Corollary 4.5(l)), we get ZF % EA. Since CA is 
a retract of ZF, by Proposition 3.5(3), CA B CF. 
(2) Let us consider the cofibration sequence F/A + CA3 CF. Since Cq has a right 
homotopy inverse (see Proposition 8.1), the map F/A + ZA is null homotopic. Hence its 
cofiber Cq : EA + ZF is weakly equivalent o the inclusion CA 4 CA V C(F/A). 0 
PROPOSITION 8.3. C(Fib(Cq: ZA + CF)) = C(fE(F/A)). 
LEMMA 8.4. Let B be pointed and D be connected and pointed. Then: 
C(Fib(B cz B V D)) = C(QD). 
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Proof We start with identifying the homotopy fiber of the inclusion B G B V D. We will 
show that Fib@ 4 B V D) 21 R(RBwD). Consider two pointed maps B 4 B V Did B, 
whose composition is equal to ids. It follows that there is a fibration sequence: 
Fib(B 4 B V D) + Fib(B% B) --) Fib(B V Did B). 
Hence Fib(BG B V D) N Q(Fib(B V D’d B)). 
Using Proposition 6.1, we can identify the homotopy fiber of B V Did B as 
Fib(B V D’d_li: B) 1: hocolim(Fib(B% B) c Fib(* + B) + Fib(D% B)) N 
N hocohn{* + QB 4 fZB x D) II S2 Bx D. 
Therefore, Fib(B G B V D) N Q(izB [x D). 
According to Proposition 4.1, l2B tx D 9 D. Since D is connected, we can loop this 
inequality (see Theorem 5.1(2)), obtaining Q(QB PC D) % RD. The space D is a retract of 
S1Brx D, therefore D + RBrx D (see Proposition 3.5(3)), thus by looping (observe that 
RBrx D is also connected), we get fiD 9 Q(rZB D< D). This implies C(Fib(B 4 B V D)) 
= C(OD). 0 
Proof of the Proposition 8.3. By applying the lemma to the map Cq : CA + EF we get 
C(Fib(Cq: EA -+ CF)) = C(Fib(CA 4 CA V E(F/A))) = C(QI:(F/A)). 0 
Here is the main result of this section: 
THEOREM 8.5. Let A 4 X be a map such that X/A is connected. Then: 
Fib(Cq : CA -+ CF) 9 A A R(X/A). 
Proof Let r : CF + ZA be the right homotopy inverse of Cq : EA -+ ZF constructed in 
Proposition 8.1. 
Step 1: Fib(r : CF + ZA) & F * fJ(X/A). 
Let us consider the following homotopy pull-back square: 
F--+ P 
1 1 
X + X/A 
Since X/A is connected, according to Corollary 7.2: 
Fib(r: CF + CA) 2: Fib(P/F + (X/A)/X) % F * R(X/A) 
Step 2: Fib(r : ZF + ZA) % A * R(X/A). 
By Corollary 5.4, F -N Fib(X + X/A) + A. Thus, F * R(X/A) 9 A * Q(X/A) (see Corol- 
lary 4.8(2)) and Step 2 follows from Step 1. 
Step 3: Fib(Cq : CA + EF) + A A 0(X/A). 
The composition CA2 CF 5 CA is weakly equivalent to the identity, therefore 
Fib(Cq: EA + CF) N SZFib(r : CF -+ CA). Hence by Step 2 and Corollary 5.6(2): 
Fib(Zq: ZA + CF) 9 Q(A * R(X/A)) N !%(A A Q (X/A)) 9 A A R(X/A). q 
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COROLLARY 8.6. (1) Let X be connected. Then Fib(zq : CA --t IW) & A A Fib(A + X). 
(2) Let A -+X be a map such that XfA is connected. Then: 
x(F/A) % C(A A 0(X/A)). 
(3) Let X be connected. Then C(F/A) g C(A A Fib(A +X)). 
Proof: (1) By Proposition 5.5(l), X/A 9 EFib(A + X), which is equivalent to 
Q(X/A) $ Fib(A + X) (see Theorem 5.1). Therefore, Theorems 8.5 and 4.3 imply: 
Fib(Cq:CA+CF) 9 A A Q(X/A) $ A A Fib(A+X) 0 
Remark. I do not know whether the inequalities of Corollary 8.6 can be, in general, 
desuspended. For example, if one takes the map A +X to be A+*, or AG A V B, or 
Aci AxB,orSn1:S”forn~2,theninthesecasesP/A~AAAib(A~X). 
Under an extra assumption we can get an even more explicit formula: 
COROLLARY 8.7. If X/A is weakly equivalent to the suspension of some space, then 
E(F/A) % A A X/A. 
Proof. Let us consider the following sequence of inequalities: 
x(F/A) ‘$ C(A A n(X/A)) 1: A A CQ(X/A) ‘2 A A X/A 
l (a) follows from Corollary 8.6(2). 
l Let X/A 2: CY. By suspending the inequality Q(X/A) z Rx Y + Y (see Corollary 
5.6), we get CO(X/A) 9 XY N X/A. Hence (b) follows from Theorem 4.3. 0 
Corollary 8.6(2) and (3) can be used to make homological calculations (cf. with Corol- 
lary 9.6(2)). 
COROLLARY 8.8. Let h, be a reduced homology theory with a homotopy unit (see Section 2). 
Ij’ A is h, n-connected and either Q(X/A) or Fib(A --t X) is h, m-connected, then 
hi(q): hi(A) + hi(F) is an isomorphismfor i < n + m and an epimorphismfor i < n + m + 1. 
9. HOMOTOPY PUSH-OUTS AND PULL-BACKS 
We will start this section with a generalization of Proposition 5.5: 
PROPOSITION 9.1. Let f: A + Y be a map and the following be a commutative diagram: 
D N hocolim ( B +- A + C ) 
t N hocolim ( ! lf lid 4-Y -+ C) 
(1) Zf Y and Z are connected, then Fib(D --* Z) B CFib(f: A -+ Y ). 
(2) Ifi? is connected, then Fib(xf: CA -+ XY) b Fib(D -+ Z). 
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The idea of the proof is to decompose the maps D + Z and zf: CA -+ CY into certain 
homotopy colimits and then apply Theorem 5.2. 
Proof: (1) The map D -, Z can be expressed as follows: 
D II hocolim ( B t Y - Y c A 5 Y + Y --) C) 
; _ hocollm ( ; lid lid %F lid lid lid 
tY+YcY+YcY+C) 
We can simplify the above diagram by taking the homotopy colimit of the “central” 
push-out first: 
D ‘v hocolim ( B + Y - X + Y --t C ) 
where X = hocolim( Y + A --t Y) and X + Y is the map induced by id, andf: According to 
Proposition 6.1, the homotopy fiber Fib(X -, Y) is weakly equivalent to the homotopy 
push-out: 
Fib(X+ Y) N hocolim(Fib(Yz Y)+Fib(A&Y +Fib(Yz Y)). 
Hence Fib(X -, Y ) ‘v EFib(f: A --, Y ). By applying Theorem 5.2 to the above diagram, we 
getFib(D-,Z)$>CFib(f:A-rY). 
(2) The map Cf: L4 + C Y can be expressed as follows: 
CA N hocolim ( * t B - B c A - C + C --f * ) 
J=f 1 iid lid I/ lid lid J, 
CY N hocolim(* t B --f B + Y --) C CC --) *) 
We can simplify the above diagram 
push-out first: 
CA 1: hocolim ( 
1”J 
x:Y N hocolim ( 
By applying Theorem 5.2 to the 
Fib(D - Z). 
by taking the homotopy colimit of the “central” 
*c B +Di-C -i* 1 
1 
rd 
* + l’ B -_) d + I,” +f) 
above diagram, we get Fib(Cf: CA - IEY) $ 
0 
We are going to study how far a homotopy push-out square is from being homotopy 
pull-back (cf. with Sections 6 and 8). The initial data for our investigation consists of 
a commutative diagram: 
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where B and C are connected, and the following are, respectively, homotopy push-out and 
homotopy pull-back squares: 
The map LJ : A --, Y measures how far the above homotopy push-out square is from 
being homotopy pull-back. In this section we are going to investigate the suspension of the 
map 4: A -+ Y, which turns out to be just the inclusion of the wedge component (see 
Corollary 9.3(l)). We will give a cellular approximation for the homotopy fiber 
Fib(Cq: CA --t CY), whose cellular type is the same as that of sZC(Cof(q: A + Y)) (see 
Corollary 9.3(3)). 
PROPOSITION 9.2. The map Cq: EA + CY has a right homotopy inverse, i.e., there is 
Y : X Y + CAfor which the composition CA 2 C Y I* CA is weakly equivalent tothe identity idZA .
Proof: If we take r: CY + CA to be the map defined by the following commutative 
diagram, then the proposition clearly follows: 
CA N hocolim ( * tB+EtA+CtC+*) 
I 
.G 
Id CY E hocolim ( eB+BtY-iCtC-+* 
I 
I 
CA N hocolim ( 0 
By the same arguments as in Corollary 8.2(2) and Proposition 8.3, we get: 
COROLLARY~.~. (1) ThemapCq:CA + X Y is weakly equivalent to CA CG CA V X (Y/A). 
(2) The map q: A + Y induces a monomorphism on any homology theory. 
(3) C(Fib(Cq:CA -+ CY)) = C(OX(Y/A)). 
Here is the main result of this article: 
THEOREM 9.4. Fib(Cq:CA + EY) $ Fib(A + B) A Fib(A + C). 
Proof: Let us consider the following commutative diagram: 
r D N hocolim ( B t- A -+ C ) I I Iq I rd Z 2: hoc&m I 'i+i"i“ D N hocolim (D&D%D) 
It follows that Fib(D + 2) 2: QFib(Z + D). 
Step 1: Fib(Z + D) 9 Fib(A + B) * Fib(A -P C). 
Since the following is a homotopy pull-back square: 
1398 Wojciech Chachclski 
according to Proposition 6.3: 
Fib@ + D) = Fib(hocolim(B + Y -+ C) + D) N Fib@ -+ D) * Fib(C + D). 
We also have the following homotopy push-out square: 
A+C 
1 1 
B-+D 
According to Corollary 5.4(l), Fib(B + D) B Fib(A + C) and Fib(C -P D) $ Fib(A + B). 
Therefore, Fib@ + D) % Fib(A + B) * Fib(A + C) (see Corollary 4.8(2)). 
Step 2: Fib(D + 2) B Fib(A + B) A Fib(A + C). 
Since Fib(D + Z) 2: RFib(Z + D), by Step 1: 
Fib(D -+ Z) + iZ(Fib(A + 8) * Fib(A -+ C)) 
N nX(Fib(A -+ B) A Fib(A -+ C)) $ Fib(A -+ B) A Fib(A -+ C). 
Step 3: Fib(Cq: CA + EY) 9 Fib(A -+ B) A Fib(A + C). 
According to Proposition 9.1(2), Fib& :XA + EY) % Fib(D -+ Z). Therefore, Step 2 im- 
plies Fib(Eq : I;A + CY) $ Fib(A + B) A Fib (A + C). 0 
By applying Proposition 5.5(l) to the inequality of Theorem 9.4, we get: 
COROLLARY 9.5. C(Y/Aj 9 C(Fib(A -+ B) A Fib (A -+ C)). 
Corollary 9.5 can be applied to make homological calculations: 
COROLLARY 9.6. Let h, be a reduced homology theory with a homotopy unit (see Section 2). 
(1) Let P and Q be disjoint sets of prime numbers. IfFib(A --f B) has P-torsion h, homology 
and Fib(q: A + C) has Q-torsion h, homology, then q : A -+ Y is an h, isomorphism. 
(2) l’f Fib(A + B) is h, n-connected and Fib(A + C) is h, m-connected, then 
hi(q): hi(A) + hi(Y) is an isomorphismfor i < n + m, and an epimorphismfor i < n + m + 1. 
Using the Hurewicz Isomorphism Theorem (see 113, Section 5, Theorem 4)) and 
Corollary 9.6(2) in the case of the ordinary integral homology, we can recover the following 
result of Blakers-Massey (see [14, Theorem 7.141). 
COROLLARY 9.7. Let the following be a homotopy push-out square of simply connected spaces: 
A+B 
1 1 
C+D 
ZfHi(A, B) = *&or i < n (n 2 1) and H<(A, C) = *, or i < m (m > l), then zi(A, B) + ni(C, D) f 
is an isomorphism for i < n + m and an epimorphism for i 6 n + m. 
APPENDIX A: THE HOMOTOPY COLIMIT 
In this appendix we are going to review the notion of the homotopy colimit of 
a bounded diagram indexed by a simplicial set. For the proofs of the listed statements we 
refer to [4, 51. 
We are going to define, by induction on the dimension of a simplicial set K, the 
homotopy colimit & F of a bounded diagram F: K + Spaces (see Section 2). 
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De$inition A.l. Let F : K + Spaces be a bounded diagram. 
(1) If dim(K) = 0, then f, F cief UQEKO F(o). 
(2) Let r E (A[n])” be the nondegenerate simplex of dimension n in A[n]. If 
K = L uAtn1 A[n], where L is an (n - 1)-dimensional simplicial set, then: 
F f& colim F*-F(T)x&] cj F(~)xd[n] . 
The main property of this construction is its homotopy invariance, which can be proven 
by induction on the dimension of K. 
PROPOSITION A.2. Let F : K + Spaces, G: K -+ Spaces be bounded diagrams and 
Y : F + G be a natural transformation. Iffor every simplex c E K, the map Y’,: F(a) -+ G(o) is 
a weak equivalence, then so is Y: $, F + $, G. 
There are two natural maps associated with the construction of $, F: 
P F -+ K, 4 F + colim, F. K K 
Due to the following property one can think about good diagrams (see Section 2) as 
fibrations: 
PROPOSITION A.3. 1f F : K + Spaces is a good diagram, then Fib($, F -+ K) N F(a). 
Let K be a simplicial set. By s dK we denote the nerve of the simplex category associated 
with K. Explicitly, an n-dimensional simplex in sdK is a sequence of n com- 
posable morphisms in K, i.e., (sdK), is the set of all sequences of the form 
(&% a$!-+ *** %a,). 
The construction $, F can be used to study maps. Letf: X + K be a map. For every simplex 
o E K, let Ff(a) be the space that fits into the following pull-back square: 
F&4 + X 
J P 
A[dim(a)] 2 K 
Roughly speaking, Ff(o) is the inverse image in X of the simplex c E K. This construction 
clearly defines a functor Ff : KoP + Spaces, where KoP denotes the opposite category of the 
simplex of K. Out of this functor we can construct a bounded diagram df: s dK -+ Spaces 
such that, for an n-dimensional simplex u = (c,, 3 gl 3 ... [p.- 6,) in sdK: 
df(di : V + div) = 
id: F,(o) + PI (a,) if i<n 
Ff(pn_l): Ff(o,) + Ff(a,-l) if i = n. 
The construction d is natural. If f: X + K, g : Y + K and h :X + Y are maps such that 
g (1 h =f, then there is a natural transformation df+ dg. In particular, there is a natural 
transformation Y: df+ d(id) induced by f: X -+ K itself. 
If the map f: X + K is a fibration, then df: sdK + Spaces is a good diagram, whose 
values are weakly equivalent o the homotopy fibers off: X + K. 
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By taking the colimits, out of the diagram df: sdK + Spaces we can recover back the map: 
(~olirn,~, Y : colimsdK df + colim,dx: d(id)) = (f: X -+ K). 
The diagram df: sdK + Spaces also carries homotopical information about $ 
THEOREM A.4 In the following commutative diagram all the horizontal arrows are weak 
equivalences: 
It implies: 
df --* colim; df = ; 
d(id) -+ colimsdKd(id) = K 
COROLLARY AS. For every map f :X --f K, there exist a natural choice of a bounded 
diagram F : L + Spaces, such that f is weakly equivalent to $L F + L. 
Since every map is naturally weakly equivalent o a fibration, we can strengthen the last 
corollary. 
COROLLARY A.6 For every map f : X + K, there exist a natural choice of a good diagram 
F: L + Spaces, whose values are weakly equivalent to the homotopy fibers off; such that 
f: X --f K is weakly equivalent to $L F + L. 
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